Abstract. We consider propagation of a probe pulse in an atomic medium characterized by a combined tripod and Lambda (Λ) atom-light coupling scheme. The scheme involves three atomic ground states coupled to two excited states by five light fields. It is demonstrated that dark states can be formed for such an atomlight coupling. This is essential for formation of the electromagnetically induced transparency (EIT) and slow light. In the limiting cases the scheme reduces to conventional Λ-or N -type atom-light couplings providing the EIT or absorption, respectively. Thus the atomic system can experience a transition from the EIT to the absorption by changing the amplitudes or phases of control lasers. Subsequently the scheme is employed to analyze the nonlinear pulse propagation using the coupled Maxwell-Bloch equations. It is shown that generation of stable slow light optical solitons is possible in such a five-level combined tripod and Λ atomic system.
Introduction
Electromagnetically induced transparency (EIT) [1] [2] [3] [4] [5] [6] plays an important role in controlling the propagation of light puses in resonant media. Due to the EIT a weak probe beam of light tuned to an atomic resonance can propagate slowly and is almost lossless when the medium is driven by one or several control beams of light with a higher intensity [1] [2] [3] [4] [5] [6] . The EIT is formed because the control and probe beams drive the atoms to their dark states representing a special superposition of the atomic ground states immune to the atom-light coupling. The absorption is suppressed due to a quantum mechanical interference between different excitation pathways of atomic energy levels leading to the EIT. The EIT has various important applications in quantum and nonlinear optics, such as slow and stored light [7] [8] [9] [10] [11] [12] , stationary light [13, 14] , multiwave mixing [15] [16] [17] , optical solitons [18] [19] [20] [21] [22] [23] , optical bistability [24, 25] and Kerr nonlinearity [26] [27] [28] [29] [30] . Using the slow light greatly enhances the light-matter interaction and enables nonlinear optical processes to achieve significant efficiency even at a singlephoton level [26, [31] [32] [33] [34] [35] [36] [37] [38] .
There has been a considerable amount of activities on single- [2-4, 8, 11, 12, 39-43] and two-component (spinor) [6, [44] [45] [46] [47] [48] slow light in atomic media induced by the EIT. The former single-complonent slow light involves a probe beam of light and one or several control beams resonantly interacting with atomic media characterized by three level Lambda (Λ) type [2, 40] or four level tripod type [41, 42, [49] [50] [51] atom-light coupling schemes. In the later (spinor) case, double-tripod (DT) [6, [44] [45] [46] [47] [48] coupling schemes have been considered to support a simultaneous propagation of two probe beams leading to formation of a two-component slow light.
In this paper, we propose and analyze a novel five-level closed-loop scheme supporting the EIT. Closed-loop quantum configurations [30, 45, [52] [53] [54] [55] represent a class of atom-light coupling schemes in which the driving fields acting on atoms build closed paths for the transitions between atomic levels. The interference between different paths makes the system sensitive to relative phases of the applied fields. In our proposal illustrated in figure 1 , the atom-light coupling represents a five-level combined Lambdatripod scheme, in which three atomic ground states are coupled to two excited states by four control and one probe laser fields. In other words, the scheme involves four atomic levels coupled between each other by four control fields and interacting with a ground level through a weak probe field. The existence of dark states, essential for the EIT, is analytically demonstrated for such an atom-light coupling setup. It is shown that in some specific limiting cases this scheme can be equivalent to the conventional Λ-or N -type atom-light couplings. An advantage of such an atomic system is a possibility of transitions to the Λ or N -type level schemes just by changing the amplitudes and phases of the control lasers. The limiting cases are discussed where the scheme reduces to atom-light couplings of the Λ-or N -type. By making a transition between the two limiting cases, one can switch from the EIT regime to the absorption for the probe field propagation. Laser-driven atomic media, on the other hand, can be exploited to exhibit various nonlinear optical properties [15, 16, 18, 20, 24, 26, 28, 31, [56] [57] [58] . A particular example is formation of optical solitons with applications for optical buffers, phase shifters [59] , switches [60] , routers, transmission lines [61] , wavelength converters [62] , optical gates [63] and others. Solitons represent a specific type of stable shape-preserving waves propagating through nonlinear media. They can be formed due to a balance between dispersive and nonlinear effects leading to an undistorted propagation over long distance [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] . Following a report of ultraslow optical solitons in a highly resonant atomic medium by Wu and Deng [67] , these solitary waves have received a considerable attention [19, [21] [22] [23] [74] [75] [76] [77] [78] [79] [80] [81] [82] . Here, the equations of motion that govern the nonlinear evolution of the probe-pulse envelope are derived for the Lambda-tripod atom-light coupling by solving the coupled Maxwell-Bloch equations. It is found that, by properly choosing the parameters of the system, the formation and slow propagation of shapepreserving optical solitons is feasible.
The paper is organized as follows. In section 2 we present the proposed setup and investigate propagation of the probe beam for various configurations of the control fields. Nonlinear propagation of the probe pulse is considered in section 3. Section 4 summarizes our findings.
Formulation and theoretical background

The system
Let us consider a probe pulse described by a Rabi frequency Ω p . Additional laser fields described by Rabi frequencies Ω 1 , Ω 2 , Ω 3 and Ω 4 control propagation of the probe pulse. The probe and the control fields are assumed to co-propagate along the z direction. We shall analyze the light-matter interaction in an ensemble of atoms using a five-level Lambda-tripod scheme shown in figure 1. The atoms are characterized by three ground levels |a , |c and |d , as well as two excited states |b and |e . Four coherent control fields with the Rabi frequencies Ω 1 , Ω 2 , Ω 3 and Ω 4 induce dipole-allowed transitions |b ←→ |c , |b ←→ |d , |e ←→ |c , and |e ←→ |d , respectively. As a result, the control fields couple two excited states |b and |e via two different pathways
→ |e making a four level closed-loop coherent coupling scheme described by the Hamiltonian ( = 1)
Furthermore, the tunable probe field with the Rabi frequency Ω p induces a dipoleallowed optical transition |a ←→ |b . The total Hamiltonian of the system involving all five atomic levels of the combined Λ and tripod level scheme is given by
Note that the complex Rabi frequencies of the four control fields can be written as Ω j = |Ω j |e iφ i , with j = 1, 2, 3, 4, where |Ω j | and φ j are the amplitude and phase of each applied field. As it will be explored below, in this scheme the destructive interference between different transition pathways induced by the the control and probe beams can make the medium transparent for the resonant probe beams in a narrow frequency range due to the EIT. We define φ = (φ 1 − φ 2 ) − (φ 3 − φ 4 ) to be a relative phase among the four control fields forming a closed-loop coherent coupling. By changing φ, one can substantially modify the transparency and absorption properties for the probe field in such a Lambda-tripod scheme.
Equations of motion
The dynamics of the probe field propagating through the atomic medium is described by the Maxwell-Bloch equations. To the first-order of Ω p the equations have the forṁ
and
where ρ
u,v are the first-order matrix elements of the density materix operator ρ = |u ρ uv v|. The optical Bloch equations (3)-(6) imply the probe field to be much weaker than the control ones. In that case most atomic population is in the ground state |a , and one can treat the probe field as a perturbation. Therefore, we can apply the perturbation expansion ρ ij = Σ k ρ (k) ij , where ρ The wave equation (7) describes propagation of the probe field Ω p influenced by the atomic medium, where µ ba is an electric dipole matrix element corresponding to the transition |b ←→ |a , N is the atomic density and ω p is the frequency of the probe field. The density matrix equations (3)- (6) describe the evolution of the atomic system affected by the control and probe fields. They follow from the general quantum Liouville equation for the density matrix operator [83] 
where the damping operator L ρ describes the decay of the system described by parameters (3)- (6). We have defined the detunings as: ∆ 2 = ∆ bc = ∆ bd , and
where ω i is a central frequency of the corresponding control field. Two excited states |b and |e decay with rates Γ b and Γ e , respectively.
Transition to a new basis
The Hamiltonian for the atomic four-level subsystem (1) can be represented as H 4Levels = −β|D e b| − α|B e b| − Ω|B e e| + H.c.,
where
are the internal dark and bright states for the Λ-scheme made of the two ground states states |c and |d , as well as an excited states |e . One can also introduce another set of dark and bright states corresponding to the Λ-scheme made of the same pair of ground states states |c and |d , yet a different excited state |b :
In writing equation (9), the coefficient
represents the quantum inteference between the four control fields playing the main role in tuning dispersion and absorption properties in the combined tripod and Λ scheme. In addition, we define and the total Rabi frequency
By changing the quantum interference coefficient β and the coefficient α one arrives at three different situations. For each of them we shall plot the level schemes in the basis involving the transformed states |B e and |D e .
2.3.1. Situation (a): β = 0 and α = 0 In the case when both coefficients α and β are nonzero, the five-level tripod and Λ scheme shown in figure 2 looks similar to the original scheme (figure 1) in the transformed basis, but the coupling between the states |D e and |e is missing. The coefficient β is nonzero when
When both α and β are nonzero, one can define a global dark state |D for the whole atom-light coupling scheme
The dark state is an eigenstate of the full atom-light Hamiltonian with a zero eigenenergy: H 5Levels |D = 0. The state |D has no contribution by the ground state superpositon |B e , as well as no contribution by the bare excited states |e and |b . As a result, there is no transition from the state |D to the excited states |e and |b , making the five-level closed-loop scheme transparent to the electromagnetic field. This is a new mechanism for the EIT compared with the Λ [2, 8] , tripod [41, 42] , or double tripod schemes [45, 46] . It is known that the real and imaginary parts of ρ
ba correspond to the probe dispersion and absorption, respectively. A steady-state solution to the density matrix 
where the interference term β is involved. A denominator of equation (18) represents the fourth order polynomial which contains zero points at four different detunings ∆ p of the probe field from the EIT resonance. This provides four maxima in the absorption profile of the system, as one can see in figure 5(a). Furthermore the EIT window is formed for zero detuning. In Appendix A we have presented eigenstates and the corresponding eigenvalues of the Hamiltonian (9) describing the four-level subsystem. One can see that all four eigenstates |n i characterized by the eigenvalues
contain contributions due to the excited state |b (note that S and Y can be found in Appendix A). This results in four peaks in absorption profile of the system.
Situation (b)
: β = 0 and α = 0 The condition β = 0 is fulfilled if Ω 1 Ω 4 = Ω 2 Ω 3 , or equivalently |Ω 2 ||Ω 3 | = |Ω 1 ||Ω 4 | and φ = 0. In that case the state |D e is not involved, so the interaction Hamiltonian (9) for the four-level subsystem can be rewritten as
Consequently the five-level tripod and Λ scheme becomes equivalent to a conventional N -type atomic system [29, 84] shown in figure 3 . Since the quantum interference term β vanishes, equation (18) simplifies to
The denominator of ρ (1) ba in equation (20) is now a cubic polynomial, providing three absorption maxima. The eigenstates and eigenvalues corresponding to this situation are presented in Appendix B. The eigenvector |n 2 characterized by a zero eigen-energy coincides with the dark state |D e and is decoupled from the radiation fields. Only the remaining three eigenvectors |n 1 , |n 3 and |n 4 contain the contribution due to an excited state |b . This leads to three absorption peaks displayed in figure 5(b) . In this way, the absence of quantum interference term β between the control fields destroys one of the peaks in the absorption profile leading to three absorption maxima.
2.3.3. Situation (c): β = 0 and α = 0 When the coefficient β is nonzero but the coefficient α is zero, the interaction Hamiltonian (9) can be represented as H 4Levels = −β|D e b| − Ω|B e e| + H.c. .
As illustrated in figure 4 , the five-level tripod and Λ scheme is then equivalent to a conventional Λ-type atomic system [2, 40] which is decoupled from the two-level system involving the states |B e and |e .
In the following we consider a symmetric case where |Ω 1 | = |Ω 2 |, |Ω 3 | = |Ω 4 | and φ = π. In such a situation the conditions β = 0 and α = 0 are fulfilled, with β 2 = 2|Ω 2 1 |. Equation (18) for ρ ba then simplifies considerably, giving Obviously, the polynominal in denominator becomes quadratic in ∆ p resulting in two absorption peaks or a single EIT window, which is a characteristic feature of the Λ scheme. Furthermore, the probe absorption and dispersion do not dependent on Ω, only β contributes to the optical properties. This is because the Λ-type scheme is now decoupled from the transition |B e Ω → |e , and the system behaves as a three-level Λ-type scheme containing |a , |b , and |D e .
In the following we summarize our results for the behavior of real and imaginary parts of ρ (1) ba corresponding to the probe dispersion and absorption for different situations (a)-(c) described above. Without a loss of generality, in all the simulations we take Γ e = Γ b = γ. The other frequencies are scaled by γ which should be in the order of MHz for cesium (Cs) atoms. Figure 5 shows that the our model provides a high control of dispersive-absorptive optical properties of the probe field. The absorption profile has four, three and two peaks featured in figures 5(a)-5(c), respectively. There is the resulting change in the sign of the slope of the dispersion at ∆ p = 0 for different situations (a)-(c). This gives rise to switching in the group velocity of the probe pulse from subluminal to superluminal or visa versa. In particular, for the choice of parameters satisfying situation (a) and (c), there is the subluminality accompanied by EIT at line center. On the other hand, the superluminality accompanied by a considerable absorption is observed for the parametric condition satisfying the situation (b).
Linear and nonlinear pulse propagation in combined tripod and Λ scheme
In this section we consider propagation of the probe pulse in the proposed tripod and Λ scheme. Performing the time Fourier transform of equations (3)- (7) one can obtain
where t 1 (ω) = ω+iΓ b /2+∆ p , t 2 (ω) = ω+∆ p −∆ 2 , and t 3 (ω) = ω+iΓ e /2+∆ p −∆ 2 +∆ 3 . Note that F ij and Λ p represent the Fourier transforms of ρ
ij and Ω p , respectively, where ω is a deviation from the central frequency.
A solution of equation (27) is a plane wave of the form
describes the linear dispersion relation of the system. Expanding κ in power series around the center frequency of the probe pulse (ω = 0) and taking only the first three terms, we get
where the detaied expressions for the coefficients κ 0 , κ 1 and κ 2 are given in Appendix C, while S 1 (ω) and Q(ω) can be found in Appendix D. In equation (30) ,
dω j | ω=0 with j = 0, 1, 2 are the dispersion coefficients in different orders. In general, the real part of κ 0 = Υ + iχ/2 defines the phase shift Υ per unit length, while the imaginary part indicates the linear absorption χ of the probe pulse. The group velocity v g is given by 1/κ 1 , whereas the quadratic term κ 2 is associated with the group velocity dispersion which causes the pulse distortion.
In the linear regime, we take an incoming probe pulse to be of the Gausian shape, Ω p (0, t) = Ω 0 p e −(t/τ 0 ) 2 , with a duration τ 0 . The subsequent time evolution is obtained from equation (28) by carrying out an inverse Fourier transform [67] 
with
In this way, even if there is no absorption due to EIT (Im(κ i ) = 0, i = 0, 1, 2), the dispersion effects can contribute to the pulse attenuation and spreading during propagation.
Our goal is to obtain shape-preserving optical pulses which can propagate without significant distortion and loss in our medium. The idea is to include the optical Kerr nonlinearity of the probe laser field into the light propagation, and show that the Kerr nonlinear effect can compensate the dispersion effects and result in shape-preserving optical pulses. To balance the dispersion effects and optical nonlinearity, in the following a theoretical model is employed based on the coupled Maxwell-Bloch equations for the nonlinear pulse propagation. Following [67] , we take a trial function
Substituting equation (32) into the wave equation (27) and using equations (29), (30) and (D.1) we obtain
where we have replacedΛ p with Λ p for the sake of convenience. Here we only keep terms up to the order ω 2 in expanding the dispersion relarion κ j . In deriving the linearized wave equation (7), the nonlinear polarization due to the optical Kerr nonlinearity of the probe field has been neglected. Now we turn to investigate the nonlinear propagation of light due to the Kerr effect. To incorporate the nonlinear optical terms in the pulse propagation, the right hand side of wave equation (7) must be rewritten as iηρ (1) ba − iηKerr. The Kerr nonlinear term has an opposite sign than the linear term iηρ (1) ba and the probe absorption and dispersion are proportional to imaginary and real parts of ρ (1) ba , respectively. Consequently a large optical nonlinearity can cancel the dispersion and suppress the absorption of probe field, effectively. A derivation of the Kerr nonlinear coefficient is provided in Appendix E.
Performing the inverse Fourier transform of equation (33), using the expression (E.11) for Kerr and introducing new coordinates ζ = z, and η = t − z/v g , we arrive at the nonlinear wave equation for the slowly varing envelope
where Θ = −ηKerr, and χ = 2Im(κ 0 ) = 2ηIm −S 1 Q . Equation (34) contains generally complex coefficients. However, for suitable set of system parameters, the absorption coefficent χ may be very small, i.e., χ 0, and imaginary parts of coefficients Θ and K 2 may be made very small in comparison to their real parts, i.e., κ 2 = κ 2r + iκ 2i ≈ κ 2r , and Θ = Θ r + iΘ i ≈ Θ r . In this case equation (34) can be written as
This represents the conventional nonlinear Schrodinger (NLS) equation which describes the nonlinear evolution of the probe pulse and allows bright and dark soliton solutions. The nature of the soliton solution is determined by a sign of the product κ 2r Θ r . A bright soliton is obtained for κ 2r Θ r > 0, and the solution is then given by
For κ 2r Θ r < 0, one obtains the dark solion solution of the form
Here Ω p0 = (1/τ ) |κ 2r /Θ r | represents an amplitude of the probe field and τ is the typical pulse duration (soliton width).
In the following, we explore a possibility for the formation of the shape preserving optical solitons in this combined tripod and Λ scheme for a realistic atomic system and present numeric calculations. The proposed scheme involving the five-level combined tripod and Λ structure can be experimentally implemented using the cesium (Cs) atom vapor. In our proposal, the levels |c , |d and |e can correspond to |6S 1/2 , F = 3, M F = +1 , |6S 1/2 , F = 3, M F = +3 and |6P 3/2 , F = 2, M F = +2 , respectively. In addition, the levels |b and |a can correspond to |6P 3/2 , F = 4 and |6S 1/2 , F = 4 , respectively. The two excited states are assumed to decay with the rates Γ e = Γ b = γ = 2π ×5.2 MHz. Assuming the parameteric situation (a) described in the previous section, we take
, and Θ ≈ (3.6 − 1.12 × 10 −2 i)10
In this case, the standard nonlinear Schrodinger equation (35) with κ 2r Θ r < 0 is well characterized, leading to the formation of dark solitons in the proposed system. With this set of parameters, the fundamental soliton has a width and amplitude satisfying |Ω p0 τ | = κ 2r /Θ r 4.7. As shown in figure 6 , the dark soliton of this type remains fairly stable during propagation, which is due to the balance between the group-velocity dispersion and Kerr-type optical nonlinearity. According to equation (C.2) in Appendix C, the group velocity v g has a general form v
, with all coefficients given in Appendix C. With the above system parameters, one can find v g ≈ 7 × 10 −3 c, indicating that the soliton propagates with a slow velocity. The formation and propagation of such a slow light optical soliton in the system is due to the EIT condition described in the situation (a) of the previous section, i.e., β = 0 and α = 0, or equivalently Ω 1 Ω 4 = Ω 2 Ω 3 . Due to the EIT, the absorption of the probe field becomes negligibly small. In this case, an enhanced Kerr nonlinearity can compensate the dispersion effects in such a highly resonant medium resulting in shape preserving slow light optical solitons.
Concluding Remarks
In conclusion we have demonstrated the existence of dark states which are essential for appearance of electromagnetically induced transparency (EIT) for a situation where the atom-light interaction represents a five-level combined tripod and Λ configuration. The EIT is possible in the combined tripod and Λ scheme when the Rabi frequencies of the control fields obey the condition β = 0, α = 0, where β and α given by equations (14)- (15) characterize the relative amplitudes and phases of the four control fields. Under this condition, the medium supports the lossless propagation of slow light. It is analytically demonstrated that combined tripod and Λ scheme can reduce to simpler atom lightcoupling configurations under various quantum interference situations. In particular, this scheme is equivalent to a four-level N -type scheme when β = 0 and α = 0. On the other hand, for β = 0 but α = 0, a three-level Λ-type atom-light coupling scheme can be established. As a result, by changing the Rabi frequencies of control fields, it is possible to make a transition from one limiting case to the another one. This can lead to switching from subluminality accompanied by EIT to superluminality along with absorption and visa versa. Based on the coupled Maxwell-Bloch equations, a nonlinear equation governing the evolution of the probe pulse envelope is then obtained. This leads to formation of stable optical solitons with a slow propagating velocity due to the balance between dispersion and Kerr nonlinearity of the system.
A possible realistic experimental realization of the proposed combined tripod and Λ setup can be implemented for the Cs atoms. The lower levels |a , |c and |d can then be assigned to |6S 1/2 , F = 4 , |6S 1/2 , F = 3, M F = +1 and |6S 1/2 , F = 3, M F = +3 , respectively. Two excited states |b and |e can be attributed to the Cs states |6P 3/2 , F = 4 and |6P 3/2 , F = 2, M F = +2 , respectively.
with eigenvalues
Appendix B. Eigenstates and eigenvalues for situation (b)
The expressions for the eigenstates and their corresponding eigenvalues for situaion (b) are:
3)
Appendix C. Explicit expressions for κ 0 , 1/v g and κ 2
Expressions for κ 0 , 1/v g and κ 2 read
where t 1 , t 2 , t 3 , S 1 and Q can be obtained by substituting ω = 0 in coefficients t 1 (ω), t 2 (ω), t 3 (ω), S 1 (ω) and Q(ω), respectively.
Appendix D. Explicit expressions of F ba , F ca , F da and F ea
After some algebraic calculations, the solutions of equations (23)- (26) can be obtained as
where Initially all atoms are assumed to be in the ground state |a . As the Rabi-frequency of the probe field is much weaker than that of the control fields, one can neglect the depletion of ground level |a , and one has Φ a ≈ 1. Adopting a perturbation treatment of the system response to the first order of probe field, we can take Φ L = Σ L Φ 
ea .
(E.7)
In this limit equations (E.2) reduces to The first term iηρ (1) ba shows the linear part of the right hand side of wave equation (E.1) which was featured in equation (7) . In addition, −iηKerr = −iηρ 
